In this paper we first determine all irreducible representations of a wedge product of two table algebras in terms of the irreducible representations of two factors involved. Then we give some necessary and sufficient conditions for a table algebra to be a wedge product of two table algebras. Some applications to association schemes are also given.
Introduction
One of the important ways to construct the new association schemes from old ones, is the wedge product of association schemes. This product is a generalization of the wreath product of association schemes; see [5] . Recently, in [3] the wedge product of table algebras as a generalization of the wreath product of table algebras has been also given and some properties of this product have been presented. Moreover, some applications to association schemes have been studied.
Since the representation theory is a valuable tool for the study of table algebras and association schemes, it is natural to ask what we can say about the representations of the wedge products of table algebras and association schemes in terms of the representations of two factors involved. In this paper we consider the wedge product of two table algebras (C, D) and (A, B) and determine all its irreducible representations in terms of irreducible representations of (C, D) and (A, B). This enables us to give some necessary and sufficient conditions for a table algebra to be a wedge product of two table algebras. Some applications to association schemes are also given.
Preliminaries
In this section, we state some necessary definitions and known results about table algebras and association schemes. Throughout this paper, C, R and R + denote the complex numbers, the real numbers and the positive real numbers, respectively.
Table algebras
We follow from [1] for the definition of table algebras. Hence we deal with table algebra as the following: 
is also a table algebra which is called a rescaling of (A, B) (see [1, Section 3] 
where t ∈ Nb k N is an arbitrary element.
The 
Let (A, B) be a table algebra and let V be an A-module. The kernel of V in B is defined by ker B V = {b ∈ B| bx = |b|x, ∀x ∈ V }.
We can see that ker B V is a closed subset in B, and if χ is the character of A afforded by the A-module V , then ker B V = ker B χ, where ker B χ = {b ∈ B| χ(b) = |b|χ ( 
Then ζ is a non-degenerate feasible trace on A, and it follows from [6] 
where ζ χ ∈ C and all ζ χ are nonzero. The feasible trace ζ is called the standard feasible trace and ζ χ is called the standard feasible multiplicity of the character χ.
Association schemes
Here we state some necessary definitions and notations for the association schemes.
Definition 2.6. Let X be a finite set and G be a partition of X × X. Then the pair (X, G) is called an association scheme on X if the following properties hold:
(III) For every g, h, k ∈ G, there exists a nonnegative integer λ ghk such that for every (x, y) ∈ k, there exist exactly λ ghk elements z ∈ X with (x, z) ∈ g and (z, y) ∈ h.
Let (X, G) be an association scheme. For each g ∈ G, we call n g = λ gg * 1 X the valency of g. For any nonempty subset H of G, put n H = h∈H n h . Clearly n G = |X|. For every g ∈ G, let A(g) be the adjacency matrix of g. For every nonempty subset H of G, put A(H) := {A(h)|h ∈ H} and let C[H] denote the C-space spanned by A(H). It is known that
the complex adjacency algebra of (X, G), is a semisimple algebra (see [9, Theorem 4.1.3] ). The set of irreducible characters of G is denoted by Irr(G). The feasible trace ζ for table algebra (C[G], A(G)) is called the standard character of (X, G) and ζ χ is called the multiplicity of character χ and is denoted by m χ . Let (X, G) be an association scheme.
Let H be a closed subset of G. For every h ∈ H and every x ∈ X, we define xh = {y ∈ X|(x, y) ∈ h}. Put X/ /H = {xH|x ∈ X}, where xH = h∈H xh and
Then (X/ /H, G/ /H) is an association scheme, called the quotient scheme of (X, G) over H. For x ∈ X, the subscheme (X, G) xH induced by xH, is an association scheme (xH, H xH ) where H xH = {h xH |h ∈ H} and h xH = h ∩ xH × xH.
Let (X, G) and (Y, S) be two association schemes. A scheme epimorphism is a mapping ϕ :
(ii) for every x, y ∈ X and g ∈ G with (x, y) ∈ g, (ϕ(x), ϕ(y)) ∈ ϕ(g).
Let ϕ : (X, G) → (Y, S) be a scheme epimorphism. The kernel of ϕ is defined by
It is known that A(ker ϕ) is a closed subset of A(G). If A(ker ϕ)✂A(G), then the scheme epimorphism ϕ is called the normal scheme epimorphism. A scheme epimorphism with a trivial kernel is called a scheme isomorphism.
An algebraic isomorphism between two association schemes (X, G) and (Y, S) is a bijection θ : G → S such that it preserves the structure constants, that is λ ghl = λ ϕ(g)ϕ(h)ϕ(l) , for every g, h, l ∈ G. It is known that if ϕ : (X, G) → (Y, S) is a scheme isomorphism, then ϕ induces an algebraic isomorphism between G and S.
A wedge product of table algebras
Here we have a look at the wedge product of table algebras. We refer the reader to [3] , for more details.
Let (A, B) be a table algebra and N be a closed subset of B. Suppose that (C, D) is a table algebra and CN, N) .
(1)
is a rescaling of (A, B) where
Put X = D ∪ B and let A be the C-space spanned by X.
. . , b m } and the sets {λ xyz |x, y, z ∈ B} and {µ xyz |x, y, z ∈ D} are the structure constants of (A, B) and (C, D), respectively. We define a multiplication "·" on the elements of X as follows:
and similarly,
If we extend "·" linearly to all A, then it defines the structure of an associative C-algebra on A.
Suppose
Then for every b ∈ B,
In particular,
If we identify (dK +
is the identity element of A. So in the rest of this paper, we denote 1 D by 1 A , and for convenience we write xy in place of x · y, for every x, y ∈ B.
Suppose that * 1 and * 2 are semilinear involuntary anti-automorphisms of table algebras (A, B) and (C, D), respectively. Then we can define a semilinear involuntary anti-automorphism * on B as follows:
(ii) for every b ∈ B, (b)
Theorem 2.7. (See [3, Theorem 3.2].) With the notation above, the pair ( A, B) is a table algebra.
The Proof. First note that since for every d ∈ D with Supp(ϕ(d)) = h,
it follows that the scalar multiplication "·" on B is well-defined. Then we see that for every b, c ∈ B \ N and w ∈ W , (bc) · w = b · (c · w). Moreover, for every d, e ∈ D and w ∈ W we have
and similarly, (db) · w = d · (b · w). Since for every w ∈ W ,
we conclude that W is an A-module. Now suppose that W is irreducible as an A-
where Supp(ϕ(d)) = h. So W ′ is a nontrivial A-submodule, which is a contradiction. So W is also irreducible as an A-module. Now let M be a C-module such that K ker M. We define the scalar multiplication "·" on U as the following: Proof. We already know that W 1 , . . . , W n , M 1 , . . . , M r are the non-isomorphic irreducible A-modules from Lemmas 3.1 and 3.2.
On the other hand,
Thus we conclude that
non-isomorphic irreducible A-modules. 
where Supp(ϕ(d)) = h, and
Proof 
Then {D 1 , . . . , D n , T 1 , . . . , T r } is the set of all non-equivalent irreducible representations of (A, B). 
Then from corollary 3.4, we have the following 
In the following we give some necessary and sufficient conditions for a table algebra to be a wedge product of two table algebras. Proof. The equivalence of (i) and (ii) follows from Theorem 2.9. Moreover, for every χ ∈ Irr(B) \ Irr(B/ /K), where χ D = ψ ∈ Irr(D), we have
with equality iff χ(b) = 0 for every b ∈ B \ D; see [2] . So the equivalence of (iii) and (iv) follows. For every irreducible representation T : A/ /K → Mat n (C), since T (k) = |k|I n where I n is the n × n identity matrix, it follows that
Moreover, for every irreducible representation T : A → Mat n (C) of A such that K ker(T ), we have T (x) = T (kb − |k|b) = T (kb) − |k|T (b) = 0. Then we conclude that x ∈ J(A) = {0} and so x = 0. Thus kb = |k|b. Similarly, bk = |k|b. This shows that K ⊆ St B (B \ D). Furthermore, since K ✂ D and kb = |k|b = bk for every k ∈ K and b ∈ B \ D, it follows that K ✂ B and (i) holds.
Applications to association schemes
Let (X, G) be an association scheme and D ≤ G. Suppose that X/ /D = {X 1 , . . . , X m }.
is an algebraic isomorphism between association schemes (X i , D i ) and (X j , D j ). Assume that for every i, there exists an association scheme (Y i , B i ) and a scheme normal epimorphism ψ i :
] is the adjacency algebra of an association scheme (Y, B 1 ∪ (C \ D)), which is called the wedge product of (Y i , B i ), 1 ≤ i ≤ m, and (X, G). Then χ 1 , . . . , χ m , ψ 1 , . . . , ψ r are all irreducible characters of U.
